is paper develops a fractional-order adaptive fuzzy backstepping control scheme for incommensurate fractional-order nonlinear uncertain systems with external disturbances and input saturation. Based on backstepping algorithm, the fuzzy logic system is used to approximate the unknown nonlinear uncertainties in each step of the backstepping, and the fractional-order parameters update laws for fuzzy logic system, unknown parameters, and the external disturbances are proposed. With the aids of the frequency distributed model of fractional integrator for the fractional-order systems in the procedure of controller design, the stability of the closed-loop system is established. To verify the e ectiveness and robustness of the proposed controller, two simulation examples are demonstrated at last.
Introduction
In the latest two decades, fractional-order calculus as a generalization of derivation and integration of arbitrary order has attracted more and more attentions and interests in both theory and applications due to its unique advantages in describing the hereditary and memory properties of multifarious materials and processes [1] [2] [3] [4] . As a powerful tool used to describe most of the real-world behaviors, fractional-order systems can provide more practical value and accurate results in practice [5] [6] [7] [8] [9] [10] [11] , such as abnormal di usion, heat conduction electronic, some biological systems, and viscoelastic systems. Sequentially, many researchers have paid close attention to the applications of fractional-order di erential equations in both engineering and theory and have drawn some wonderful and meaningful results in the literature [12] [13] [14] [15] [16] [17] .
As we know that it is di cult to build a precise physical model of the engineering plant because of the uncertainties and noises. us, the fractional-order nonlinear system control with uncertainties and disturbances is still a challenging and attractive research eld. Due to the inherent approximation capability, neural networks (NNs) or fuzzy logic systems are usually used to approximate the system uncertainties in integer-order system. e scholars in [17] have designed an adaptive fuzzy control scheme for a class of commensurate fractional-order systems with parametric uncertainty and input constraint. In [18] , an adaptive backstepping controller is designed for a class of commensurate fractional-order systems with unknown parameters based on the indirect Lyapunov method, in which the control problem of fractional order is converted to the integer-order one [19] . Using the fractional-order extension of the Lyapunov direct method, an adaptive backstepping control method for a class of commensurate fractional-order nonlinear systems with unknown nonlinearity is developed in [20] . In [21, 22] , an output feedback control scheme for a class of triangular commensurate fractional-order nonlinear systems is given. For a class of commensurate fractional-order rotational mechanical system with disturbances and uncertainties, a robust adaptive NN control is presented in [23] . Based on dual radial basis function (RBF) NNs, an adaptive commensurate fractional sliding mode controller is proposed to enhance the performance of the system in [24] . In [25] , an adaptive NN control scheme is given for a class of commensurate fractionalorder systems with nonlinearities and backlash-like hysteresis. In [26] , the consensus problem of commensurate fractionalorder MIMO systems with linear models is researched via the observer-based protocols. For a class of commensurate uncertain fractional-order nonlinear systems with external disturbance and input saturation, an adaptive NN backstepping control method based on the indirect Lyapunov method is designed in [27] . In [28] , the output tracking control problem of a class of incommensurate fractional-order nonlinear systems with unknown nonlinearities and external disturbance is researched, in which the indirect Lyapunov method is used to design the controller. For a class of incommensurate fractional-order nonlinear systems with external disturbances and input dead-zone, a neural network adaptive control scheme is developed in [29] . Although many adaptive control schemes for the uncertain fractional-order system have been considered in above algorithms, the fuzzy backstepping control method for the incommensurate fractional-order systems with input nonlinearity is still short of results.
Input nonlinearity is another important topic when designing the controller, which needs to be considered [30] . In fact, the real actuators cannot be a perfectly good linear characteristic in all operating domains due to physical constraints [31] . erefore, the nonlinearities of practical actuators can cause severe degradation to the system performance since the theoretical controller is designed from an ideal assumption, which may cause system damage and even put risk on human users [32] . Input saturation often occurs in practical engineering, which is a source of limiting the system performance severely and even leads to the system instability. e study of control input saturation has become increasingly popular in recent years [33] [34] [35] [36] [37] . To solve the problem of actuator saturation, two methods are often used. One is to choose a low gain control law that the control input signal can be limited in a region to avoid saturation, and the other is to estimate the saturation region in the presence of actuator saturation. Generally speaking, it is very challenging to design a controller for the nonlinear uncertain systems with the input saturation problem. erefore, the problem that nonlinear fractional-order systems with input saturation must be cope with when designing and implementing the control systems. Meanwhile, many real systems are better described by incommensurate fractional-order nonlinear systems, such as lithium-ion battery dynamics [38, 39] , ultracapacitor dynamics [40] , and quadratic boost converter [41] , which means that the order of the fractional-order nonlinear systems should be extended to incommensurate one for the controller design. Motivated by the aforementioned observations, an adaptive fuzzy control method for the incommensurate fractional-order nonlinear uncertain systems with external disturbance and input saturation is presented in this study. e contributions are summarized as follows:
(1) Different from [27] , the tracking controller is designed for a class of incommensurate fractionalorder nonlinear uncertain system with external disturbance and input saturation, in which the indirect Lyapunov method with frequency distributed model is used to analyze the stability. (2) Different from [25, 27] , three different fractional-order adaptation laws are designed to update the fuzzy parameters from fuzzy logic system, unknown model constants, and the unknown bound from disturbances, respectively. us, the proposed method can handle different situations at the same time. (3) Unlike the previous works [24] [25] [26] [27] , the orders of the parameters adaptation laws are not fixed the order of the fractional-order nonlinear system in this research, which provides more degree of freedom.
is paper is organized as follows: Section 2 introduces some preliminaries. Section 3 presents the adaptive fractional-order controller design and stability analysis. Section 4 provides the simulation results to illustrate the proposed controller. Section 5 concludes this article.
Preliminary
e α-th Caputo fractional derivative is defined as follows [42] :
where
Lemma 1 (see [43] ). Consider a nonlinear fractional-order system
the system is exactly equivalent to the continuous frequency distributed model described by
where μ α (ω) � sin(απ)/ω α π. z(ω, t) is the infinite dimension distributed state variable.
In the developed control design procedure, fuzzy logic system will be used to approximate any continuous function f(X) on a compact set Ω.
Lemma 2 (see [44] ). e unknown smooth nonlinear function f(X) can be approximated by a fuzzy logic system W * T ϑ(x) as follows:
T is the fuzzy basis function vector, N is the number of inference rules, and ε represents the optimal approximation error. e optimal value W * of the parameter W is given by
Adaptive Fuzzy Backstepping Controller
In this paper, we consider a class of incommensurate fractional-order systems presented as follows:
where α i ∈ (0, 1) is the system incommensurate fractional order,
x � x 1 x 2 · · · x n T ∈ R n and x i � x 1 x 2 · · · x i T ∈ R i are the state vectors, i � 1, 2, . . . , n. f i (·) ∈ R and Ψ i (·) ∈ R p i denote the unknown parts and known parts of nonlinear functions, respectively. θ i ∈ R p i is the unknown constant vector, ζ i ∈ R is the unknown disturbance, b ∈ R is a known constant, and y ∈ R is the system output. Control input u(]) expresses an input saturation defined as follows [45] :
where ] is the input signal of the input saturation nonlinearity and u max > 0 and u min < 0 are the unknown constants. For (7) , the input saturation function can be approximated by a smooth piecewise function defined as follows:
and
With the theorem of the mean, there exists a constant μ, 0 < μ < 1 to make
When selecting ] 0 � 0, (11) can be represented as
By substituting (8) and (13) into (6), system (6) can be rewritten as
Our target is to design a input ] such that the system output y can follow the desired signal y d . Some following assumptions for the controller design are given. Assumption 1. It is supposed that the reference signals y d and the nth order derivatives D n y d are continuous and bounded.
In order to design a fractional-order backstepping algorithm for fractional-order nonlinear system (14), a virtual control law is found for every subsystem. Finally, all the system equations are considered and the control law is established to guarantee the closed-loop system stability. e error equation is defined as follows:
where υ i− 1 is the virtual control input. e virtual control input υ i− 1 and controller ] are designed as follows:
where θ i is the estimation of the unknown constant vector θ i (i � 1, 2, . . . , n). k i > 0 is the design parameter. ξ i is the estimation of the unknown constant ξ i defined as follows:
where W i ∈ R m i is the parameter estimation of the ideal parameter W * i , which is described by
Complexity 3 e fractional-order adaptation laws are designed as follows:
where β i , c i , χ i ∈ (0, 1), and σ i , η i , ρ i > 0 are the design parameters.
Theorem 1. Consider system (6) with input saturation, if the control input and virtual control inputs are chosen as (16) , and the adaptation laws are designed as (20) , then all the signals in the closed-loop system are globally uniformly bounded with the proper design parameters
. . , n, and the tracking error e 1 � y − y d tend to zero asymptotically when t ⟶ ∞.
Proof
Step 1. Let θ 1 � θ 1 − θ 1 , then the following equation can be obtained:
Based on Lemma 1, (21) will be
Based on Lemma 2 and (19), one can obtain
Due to (1) and the estimated error W 1 � W * 1 − W 1 from (23), the following equation can be obtained:
According to Lemma 1 and (25) , the following frequency distributed model can be obtained:
where z W 1 (ω, t) ∈ R m 1 and μ β 1 (ω) � sin(β 1 π)/ω β 1 π. On the other hand, it follows from (14), (24) , and error e 1 � y − y d that
Substituting virtual control input υ 1 and error equation
According to Lemma 1, equation (28) will be
where z 1 (ω, t) ∈ R and μ α 1 (ω) � sin(α 1 π)/ω α 1 π. Let ξ 1 � ξ 1 − ξ 1 , then the following equation can be obtained:
Based on Lemma 1, (30) will be
Selecting the Lyapunov function V 1 as
Complexity
Based on frequency distributed models (22) , (26) , (29) , and (31), the derivative of V 1 is expressed as follows:
According to the fractional-order adaptation laws (20), equation (33) can be rewritten as follows:
Based on the fractional-order adaptation laws (20) and in equation (34), if e 2 � 0 and k 1 > 0, one can obtain _ V 1 < 0.
Step 2. Let θ 2 � θ 2 − θ 2 , then the following equation can be obtained:
Based on Lemma 1, (35) will be zz θ 2 (ω, t)
Based on the fuzzy logic system, it follows from the fractional-order system (14) , error equation (15), and unknown function (18) that
where W 2 � W * 2 − W 2 is the estimated error. en, the following equation can be obtained:
According to Lemma 1 and (38) , the following frequency distributed model can be obtained:
where z W 2 (ω, t)∈ m 2 and μ β 2 (ω) � sin(β 2 π)/ω β 2 π. Substituting virtual control input υ 2 and error equation
Its frequency distributed model corresponds to
Complexity 5
where z 2 (ω, t) ∈ R and μ α 2 (ω) � sin(α 2 π)/ω α 2 π. Let ξ 2 � ξ * 2 − ξ 2 , then the following equation can be obtained:
According to Lemma 1, (42) will be zz ξ 2 (ω, t)
where z ξ 2 (ω, t) ∈ and μ χ 2 (ω) � sin(χ 2 π)/ω χ 2 π. Selecting the Lyapunov function V 2 as
According to frequency distributed models (36), (39), (41) , and (43), the derivative of V 2 is expressed as
Based on fractional-order adaptation laws (20) and in equation (45), if e 3 � 0 and k 2 > 0, one can get _ V 2 < 0.
Step i, 3 ≤ i ≤ n − 1. Based on the fuzzy logic system, it follows from the fractional-order system (14) , error equation (15) , and unknown function (18) that
where W i � W * i − W i is the estimated error for the fuzzy logic system. en, the following equation can be obtained:
According to Lemma 1 and (47), the following frequency distributed model can be obtained: 6 Complexity
Substituting virtual control input υ i and error equation e i+1 � x i+1 − υ i into (46) gives
(49) Its frequency distributed model corresponds to
where z i (ω, t) ∈ R and μ α i (ω) � sin(α i π)/ω α i π. θ i � θ i − θ i is parameter estimation error, and the following equation can be obtained:
Based on Lemma 1, (51) will be
Let ξ i � ξ * i − ξ i , then the following equation can be obtained:
According to Lemma 1, (53) will be
Selecting the Lyapunov function V i as
Complexity en, its derivative on the basis of frequency distributed models (48), (50), (52), and (54) is expressed as
k l e 2 l + e i e i+1 .
(56)
According to fractional-order adaptation laws (20) and in equation (56), if e i+1 � 0 and k i > 0, one can get _ V i < 0.
Step n. Based on error equation e n � x n − υ n− 1 , fractionalorder system (14) , and unknown function (18) , one has
where W n � W * n − W n is the estimated error for the fuzzy logic system, and the following equation can be obtained:
Due to Lemma 1, (58) will be
where z W n (ω, t) ∈ R m n and μ β n (ω) � sin(β n π)/ω β n π. Substituting the designed controller ] in (16) into (57) gives D α n e n � − k n e n − ξ n sign e n − e n− 1 + W T n ϑ n (x)
then the following frequency distributed model is obtained:
zz n (ω, t) zt � − k n e n − ξ n sign e n − e n− 1 + W T n ϑ n (x)
where z n (ω, t) ∈ R and μ α n (ω) � sin(α n π)/ω α n π. θ n � θ n − θ n is parameter estimation error, and the following equation can be obtained:
Based on Lemma 1, (62) will be zz
replacing the sign function by a continuous function, such as arctan (10) .
Remark 3.
e proposed algorithm can be applied to both the incommensurate and commensurate fractional-order systems with input saturation, in which the orders of the parameter estimation laws (β i , c i and χ i , i � 1, 2, . . . , n) cannot be fixed to the system order (α i , i � 1, 2, . . . , n) . erefore, the proposed algorithm brings more degree of freedom and better control performance.
Simulation
Two examples are presented in this simulation section to show the effectiveness of the proposed method.
Example 1.
e following three-order incommensurate fractional-order nonlinear system is considered as e reference signal for the system output is chosen as y d � 0.85 sin(t + 1.5). ree fuzzy systems are used in the presented controller. e first fuzzy system using x 1 as its input defines the Gaussian membership functions as selecting the Lyapunov function V n as exp − 1 2
(70) e second fuzzy system uses x 1 and x 2 as its inputs. e membership functions for the input x 1 are chosen as (70), and the membership functions for the input x 2 are chosen as exp − 1 2
(71) e third fuzzy system employs x 1 , x 2 , and x 3 as its inputs. e membership functions for the input x 1 and x 2 are chosen as the same as the second one, and the membership functions for the input x 3 are chosen as exp − 1 2
e design parameters are chosen as
e initial conditions of parameter estimation are
e simulation results are illustrated in Figures 1-6 . e tracking performance of the system output y in comparison with reference signal y d is shown in Figure 1 . It demonstrates that the tracking error e 1 � y − y d has a rapid convergence with the unknown nonlinear terms, unknown parameters, and input saturation, implying a good tracking performance. However, due to the approximation error from unknown nonlinear terms approximated by fuzzy logic Figure 1 : Evolution of y, y d , and tracking error e 1 .
10 Complexity system and chattering phenomenon from the sign(·) in controller, the tracking error e 1 converges to a small range of zero. e trajectories of the system states x 2 and x 3 are indicated in Figure 2 , and the norm of parameters estimation of the fuzzy logic system is shown in Figure 3 . Figure 4 shows the estimation of the unknown constants θ 1 , θ 2 , and θ 3 . Figure 5 displays the estimation of the ξ 1 , ξ 2 , and ξ 3 , and system input saturation u(]) is presented in Figure 6 . Meanwhile, Figures 2-6 demonstrate the boundedness of the signals in the closed-loop control system.
Example 2.
To show more results of the proposed method, the following incommensurate fractional-order nonlinear system is considered: where 2 are the unknown functions. Ψ 1 cos(x 1 ), Ψ 2 0.5x 1 x 2 , and Ψ 3 x 2 sin(x 3 ) are the known functions. θ 1 0.3, θ 2 0.5, and θ 3 0.8 are the unknown constants. ζ 1 0.01 sin(t), ζ 2 0.05(sin(t) + cos(t)), and ζ 3 0.001 cos(t) are the unknown uncertain disturbances. e input saturation u(]) is presented as 
e reference signal for the system output is chosen as y d 0.6 cos(t + 0.8). ere are three fuzzy systems used in the presented controller. e rst fuzzy system employs x 1 as its input and de nes the Gaussian membership functions as 6 k 1 1, 2 , . . . , 6 .
(75) e second fuzzy system uses x 1 and x 2 as its inputs. e membership functions for the input x 1 are chosen as the same as (75), and the membership functions for the input x 2 are chosen as exp −
(76) e third fuzzy system uses x 2 as its inputs, and the membership functions are chosen as (76). e design parameters are chosen as k 1 39, k 2 k 3 25, σ 1 σ 2 σ 3 5, η 1 η 2 η 3 0.0003, ρ 1 ρ 2 ρ 3 0.0001, β 1 β 2 β 3 0.6, c 1 0.5, c 2 0.8, c 3 0.7, χ 1 0.8, χ 2 0.6, and χ 3 0.5. e initial conditions of parameter estimation are W 1 (0) 0 6×1 , W 2 (0) 0 18×1 , W 3 (0) 0 90×1 , θ 1 (0) θ 2 (0) θ 3 (0) 0, and ξ 1 (0) ξ 2 (0) ξ 3 (0) 0. e tracking error e 1 y − y d shown in Figure 7 converges to a smaller range of zero. Figure 8 shows that the trajectories of the system states x 2 and x 3 are bounded. e norm of parameters estimation of the fuzzy logic system and the estimation of the unknown constants θ 1 , θ 2 , and θ 3 are depicted in Figures 9 and 10 . Figure 11 depicts the estimation of the unknown constants ξ 1 , ξ 2 , and ξ 3 , and the input saturation u(]) is depicted in Figure 12 , which is bounded. Above simulation results demonstrate that the system output can track the reference signal in a small range of zero, and all the closed-loop signals are bounded, demonstrating the e ectiveness of the proposed control scheme.
Conclusion
In this paper, a new adaptive fuzzy backstepping control method for a class of incommensurate fractional-order nonlinear uncertain systems with external disturbance and input saturation is proposed, which can be considered as an extension of the commensurate one in [27] . In each step, the fuzzy logic system is used to approximate unknown nonlinear terms, and the fractional-order parameters update law as well as disturbance estimator are constructed based on the Lyapunov theorem for fractional-order systems with regard to the frequency distributed model. e proposed algorithm guarantees the convergence of the tracking error, and the orders of the adaptation laws are not xed the order of the fractional-order nonlinear system, providing more degree of freedom compared with [24] [25] [26] [27] . Two simulation examples are presented to demonstrate the e ectiveness of proposed method, and the results show that the asymptotic tracking Complexity problem for a class of incommensurate fractional-order nonlinear uncertain systems with external disturbance and input saturation can be well solved by the proposed scheme.
In the future, we will consider to look for suitable real system applications using the proposed method.
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